In order to decouple qP and qSV sheets of the slowness surface of a transversely isotropic medium, a sequence of rational approximations to the solution of the dispersion relation of a transversely isotropic medium is introduced. Originally conceived to allow isotropic P-wave processing schemes to be generalized to encompass the case of qPwaves in transverse isotropy, the sequence of approximations was found to be applicable to qSV-wave processing as well, although a higher order of approximation is necessary for qSV-waves than for qP-waves to yield the same accuracy. The zeroth order approximation, about which all other approximations are taken, is that of elliptical transverse isotropy, which contains the correct values of slowness and its derivative along, and perpendicular to, the medium's axis of symmetry. Successive orders of approximation yield the correct values of successive orders of derivatives in these directions, thereby forcing the approximation into increasingly better fit at the intervening oblique angles. Practically, the first order approximation for qP-wave propagation and the second order for qSV-wave propagation yield sufficiently accurate results for the typical transverse isotropy found in geological settings. The rational approximation allows, after only slight modification to existing programs, for ray tracing,
INTRODUCTION
For velocity analysis and migration in transversely isotropic (TI) media, it is useful to have an algorithm which is simple (i.e., with the root structure of an isotropic medium) and accurate, to calculate vertical slowness as a function of horizontal slowness. In isotropic and vertical transversely isotropic (VTI) media, with no loss of generality, one can confine oneself to propagation in a single vertical plane, and that plane will be denoted here as the and with a different slope, because of the difference between horizontal ('3 ') and vertical ('4 ') medium wave speeds.
In a general TI medium, each slowness curve in the
-plane is part of a conic section;
for most rocks, the conic section is a hyperbola, one branch for the quasi-P (qP) dispersion relation, the other for the quasi-SV (qSV), the shear wave with polarization in the vertical plane. Although closed form expressions for this hyperbola are known, they are not so easy to work with, as they themselves involve a square root. So we have an interest in understanding rational approximations of slowness surfaces in anisotropic media, in particular for shear waves that exhibit singularities. In this paper, a sequence of expressions will be derived giving an approximate relation for ! as a sum of rational functions of ( and a dimensionless anellipticity parameter,
. The derivation of the approximations and their properties in the complex plane will follow a discussion of 'mild' anisotropy and the introduction of a set of dimensionless anisotropy parameters suitable to describing the anisotropic behavior at grazing as well as vertical incidence, and at all angles in between.
The rational approximations will then be compared with the slowness curve from Dellinger,
Muir and Karrenbach's (DMK's) elegant and quite accurate implicit bi-elliptic approximation (Dellinger et al., 1993) after a short discussion of its properties. Applications to f-k migration are then discussed. Approximate dispersion curves are shown for Greenhorn shale, and for media which are perturbations to it.
EXACT DISPERSION RELATIONS
For a TI medium, the stress-strain relation, in condensed notation, is (Helbig & Schoenberg, 1986 )t 
These equations completely describe quasi-P, qP, and quasi-SV, qSV, wave propagation in the are the necessary and sufficient conditions for P-SV wave isotropy.
It is important to emphasize at this stage the physical interpretation of is associated with 'anomalous polarization', see Helbig and Schoenberg (1986) . Schoenberg (1994) ). In addition, it can be shown (Schoenberg & Sayers, 1995) that in the same limit, an isotropic medium in which are embedded a set of parallel linear slip planes with an axisymmetric compliance matrix gives o with the same sign as are both greater than or both less than ) i.e.,
The minimum value of is as large as possible.
Since stability requires
, and since it is allowable for , the absolute minimum value of
is, becomes,
Rational approximations 9
Anellipticity parameter 5 7 6
may be written in terms of Thomsen's parameters,
The key dimensionless parameter for time processing of qP waves in TI media has been found by Alkhalifah and Tsvankin (1995) to be
which is equivalent to
. Thus, anellipticity parameter
is related to
In the next section, we will constrain the value of D S so that only the positive root will be allowed.
MILD ANISOTROPY
It is useful to impose a set of conditions to restrict the range of TI media that will be considered. The restrictive conditions will not be of the form that certain parameters are small enough so that squares of the parameters can be neglected, i.e., they will not be conditions of 'weak anisotropy'. The conditions will limit the range of allowable elastic behavior, while including the commonly assumed properties of geological TI media. Media satisfying this set of conditions & which are concerned with 1) the ratio of shear to compressional velocities, 2) polarization (or a stronger condition on apparent Poisson's ratio), and 3) triplication & are called 'mildly anisotropic'; see, for example, Carrion et al (1992) . The conditions are:
1) The slowest compressional wave along any coordinate axis is faster than the fastest shear wave along any coordinate axis, which is equivalent to
or, in terms of the dimensionless parameters (ignoring the constraint on
2) In any direction, if a longitudinal wave and a transverse wave polarized in the vertical plane exist, the longitudinal wave is always faster than the transverse wave. This essentially states that anomalous polarization is not allowed, which is equivalent to D S A r (12) (Helbig & Schoenberg, 1986) . This provides no condition on
, since that parameter is a function of
, but it requires the use of the positive square root in the fourth of equations (10). A useful, and somewhat stronger condition one might choose to impose is that, for a rod of the TI medium, with its axis parallel to the symmetry axis, the Poisson's ratio is positive, which is equivalent to positive D S
. In terms of the dimensionless parameters, this is equivalent to,
which then supercedes inequality (12).
3) The simplest condition concerning triplication would be merely that there is no triplication, and hence no concavity of the qSV slowness curve. However, recent evidence shows that shales often violate the 'no triplication' criterion & according to measurements on various shales, both in the laboratory (for example on Greenhorn shale (Jones & Wang, 1981) and in various case studies with in situ measurements (for example Miller et al (1993) ). All the evidence for the presence of a concave region of the qSV slowness curve in certain shales occurs for the case of positive anellipticity or, in terms of
No triplication about the horizontal -axis is equivalent to
see for example Payton (1983) . For our purpose, these inequalities can be combined to yield,
For mild anisotropy, with the strong condition that D S be positive, and with the weak condition that no triplication occur about either of the coordinate axes, from inequalities (13) and (14), the restriction on anellipticity
, the two roots of quadratic equation (3) are,
Since our rational approximation will be taken about the case of zero anellipticity, equation (3) will be non-dimensionalized by stretching the squared slowness axes suitably, i.e., differently for the qP or qSV slowness curve. In both cases, the curve, in the stretched squared slowness plane, about which we are perturbing will be a straight line connecting points
To this end, we set, 
Now, let
and, with
, note that for
we indeed obtain the straight line solutions
. Substituting equation (19) 
Regarding the expressions for such that there is no triplication centered on the horizontal axis, this condition being subsumed in (14). Thus, subject to mild anisotropy,
i.e., over the entire pre-critical range of Of the two roots of quadratic equation (20), the desired one is the one which vanishes when
(then
where
For the purpose of a Taylor expansion of the square root, we rewrite the root as follows:
This latter expression shows more explicitly how branch cuts form.
Note that quadratic equations (18) This substitution yields,
as the normalized form of the exact dispersion relation. This form is most suitable for expressing derivatives 
Similarly, from differentiating Ñ once again, and setting the second order total derivatives to zero, we find,
These expressions will be compared with analogous expressions based on the approximation to be developed below.
RATIONAL APPROXIMATIONS FOR SQUARED SLOWNESS CURVES
Expanding the square root in equation (23) . If the series converges globally over the full real slowness surface, these approximations differ essentially from a 'parabolic' approximation, as the appropriate conditions are satisfied at grazing incidence as well as at vertical incidence; if not, and the series diverges in some range between vertical and grazing incidence, the approximation would be similar to bi-'parabolic', about vertical and grazing incidence. Now, Taylor expanding the square-root expression of equation (23) yields, for ¤ , the following series of rational functions of
and hence, from equations (19) and (17), the series for the squared vertical slownesses. This series converges globally only so long as,
The issue of convergence is relevant for pre-critical directions of propagation, i.e., on the inter-
. Further, a pole in s , hence an algebraic branch point in !
, is introduced by the approximation at
. From equation (21) The branches of the elliptic, zeroth-order approximation (the straight lines in the squared slowness domain) cross at
for both qP and qSV. This crossing point is,
At this point, the function
in equation (23) . This is of practical importance if these rational approximations are to be applied over a range of pre-and post-critical horizontal slowness. The right asymptotic behavior guarantees the convergence of the propagator in the space-time domain based on the spectral-domain approximation of, for example, De Hoop and De Hoop (1994) .
As far as inequality (28) , the expression in the square root of equation (23) is positive. Further, for r , it has the form one minus the positive quantity in equation (28).
Thus that positive quantity must be less than unity. Hence, only the case p requires further analysis to find conditions for which (28) is satisfied; this analysis is carried out in Appendix A.
Now consider the pre-critical directions of propagation. The first order approximation to either the qP or qSV slowness curve is returned by retaining just the first term in equation (27),
. The second order approximation is returned by retaining the first two terms, The first order expression satisfies the correct curvature at both normal and grazing incidence; the second order expression satisfies, in addition, the correct third derivative of the slowness at normal and grazing incidence. Note that the curvatures of the slowness surface and the wave front are reciprocal, while the curvature of the wave front determines the short-spread moveout velocity; hence matching the curvatures implies matching the zero offset moveout velocities for both a horizontal and a vertical array of receivers. Higher order approximations 
It is important to point out that the approximation to a given order for the qSV curve is not as accurate as the one for the qP curve (this is due to the difference in maximum distance of the slowness curves to their ellipses). So to achieve the same degree of accuracy for qSV, more terms must be taken into account. Each additional term matches the next higher derivative at
. If, for example, one wished only to match the curvature (second derivative) of the slowness surface, one could add to the first order rational approximation the second order rational approximation term times a scaling factor chosen so that either a) a given point between and º " $ is matched in an optimum way by a least squares criterion. Thus the third derivative at the endpoints will be slightly off in return for a much closer fit in the intermediate region between the axes. This is equivalent to an interpolation approach using a higher-order correction term.
Other expansions
Note that the square root in equation (23) .
Another possibility is to expand the series in equation (27) in a power series in , yielding,
Retaining only the first term yields, 
We express D S and in terms of the combination
In terms of í and î the dispersion relation (3) becomes
The qP slowness relation can be shown to be insensitive to variations in . Also, mildly anisotropic media satisfy " . In this 'acoustic' limit, the exact dispersion relation for qP waves simplifies (cf. equation (18)):
directly leading to a rational approximation. In terms of our parameters í and î , our first-order rational approximation (30) becomes reduces to the solution of the exact dispersion relation (37).
EXAMPLES
The approximations will be illustrated using the measured moduli of Greenhorn shale (Jones & Wang, 1981 ) as a starting model. The relevant squared velocity moduli in (km/s)
give dimensionless parameters:
Other examples considered will have these same parameters except for anellipticity Note that for all three cases, the first order rational approximation is very accurate for the qP curves while the second order approximation is acceptable for the qSV curves, even for the very high anellipticity case shown in Figure 3 . For all three cases, the first order rational approximation is closer to the exact dispersion relation than the bi-elliptic for qP but further for qSV. Even the second order rational approximation only approaches (but not quite attains) the accuracy of the bi-elliptic approximation for qSV. The bi-elliptic approximation too can be generalized to satisfy higher order derivatives at the origin, although this is somewhat tedious.
For positive anellipticity, the higher order rational approximations approach the exact curves monotonically from inside for qP and from outside for qSV. For negative anellipticity, if a given order approximation is inside the exact curve, the next order approximation will be outside, and vice versa, to be expected from the fact that the series expansion of equation (27) is an alternating series for p . This can be seen in Figure 4 for the qSV curve.
In Figure 5 we show slowness curves of a TI medium with large . The dimensionless parameters used are,
For these values of . In Figure 7 , the horizontal slowness is imaginary (corresponding to negative º ). Note the singularity for the qSV curve at
. Further note the equal and opposite discontinuities in the qP and qSV
for both qP and qSV. This is necessarily at the same horizontal slowness where the elliptical qP and qSV curves (shown in grey) cross, the coordinates of the crossing point being given in (29).
APPLICATION TO
Ñ & ¿ ü
MIGRATION SCHEMES
For phase shift migration, one needs the vertical wavenumber¨! . For isotropic (or ellipitically transversely isotropic) media, the vertical wavenumber is given by,
is the vertical wavespeed. The power of these rational approximations is that, for transversely isotropic media, these expressions are replaced simply by,
In a homogeneous medium, only propagating modes, i.e., pre-critical waves, are required. equation (24) assumes the form,
Introducing into this form an expansion about the elliptically anisotropic case, viz.,
As above, there are a sequence of rational approximations to the solution of this quadratic equation that vanishes when " , based on the Taylor series expansion of
. The first order rational approximation, after noting that
, is given by
or, equivalently,
Higher order approximations are easily derived as well.
DISCUSSION
We have derived a sequence of expressions giving an approximate relation for ! as a sum of rational functions of ( and a dimensionless anellipticity parameter,
, in a transversely isotropic medium. It is emphasized, that these rational approximations are explicit, i.e., of the form
, whereas DMK's bi-elliptic approximation to the dispersion relation is implicit. We sacrifice numerical accuracy, but gain algebraic clarity. Our purpose was to obtain a sequence of such explicit approximations, sequentially regaining accuracy while losing clarity. From (30), the first order explicit formula for the approximate qP dispersion curve is,
where,
the slowness curve is easily seen to be an ellipse. This elliptical approximation is a poor approximation for the usual transverse isotropy encountered in sedimentary basins for which the dimensionless anellipticity 5 7 6 X Â $
. Only the first power of the anellipticity appears in this expression, but the approximation is much better than first order (in that anellipticity) since this approximation matches the curvature of the exact dispersion curve at the vertical and horizontal axes.
Note that the accuracy of the low order approximations differ from one another; the first order rational approximation to the qP slowness curve is better than the bi-elliptic approximation but the first order qSV approximation is poorer. DMK's bi-elliptic approximation is still meaningful away from mild anisotropy, whereas for certain large enough negative values of anellipticity, the rational qSV approximation can diverge.
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is exactly the value for incipient triplication. In the diverging interval, the closest dashed curve to the exact solid curve is the first order rational approximation, the next furthest is the fifth order and the furthest is the ninth order. Since the anellipticity is negative, the even orders would lie inside the qSV curve. 
APPENDIX A: THE CONVERGENCE OF SERIES (27) FOR NEGATIVE ANELLIPTICITY
The condition for convergence of the series in equation (27) is inequality (28). As discussed in the paragraph leading to equation (21), under the conditions of mild anisotropy, for qP, , between 0 and 1. Differentiating this expression yields, after setting the result to zero,
becomes the condition for convergence of the series in equation (27) for all pre-critical horizontal slownesses. It is necessarily satisfied for positive anellipticity; the condition must be analysed in the context of mild anisotropy for negative anellipticity, p , when, from equation (20),
For qP waves (
From equations (A-1) and (A-2),
which is satisfied by inspection for (20),
Thus, the sign of the numerator of the second term on the right hand side of inequality ( satisfying the no triplication condition of mild anisotropy implies that the inequality is satisfied, and thus that ¢ p $
. If the sign of the numerator is negative, i.e., 
For qSV waves (
which is satisfied if and only if,
Equivalently, from the definition of ½ £ and in equation (20), when,
As substantially negative, the series will diverge for qSV and converge for qP. However, it is possible for it to converge for qSV and still diverge for qP, or to diverge for both qP and qSV.
APPENDIX B: COMPARISON WITH DELLINGER, MUIR AND KARRENBACH'S BI-ELLIPTIC APPROXIMATION FOR SLOWNESS CURVES
For either qP or qSV slowness surfaces, equation (19) with Because curvature at the anchor points is preserved, this approximation returns the correct horizontal and vertical zero offset moveout velocity, as does our first order rational approximation.
However, the problem with the bi-elliptic approximation is that it is implicit in This is a very good approximation for both qP and qSV wave surfaces except that it fails, by design, around triplications.
For both qP and qSV waves, to evaluate group velocity magnitude from the exact dispersion relation for use in DMK's bi-elliptic approximation for group velocity
The form of the dispersion relation suitable for either qP and qSV waves equation (24) is reproduced here,
Polar reciprocity of the wave and slowness surfaces is equivalent to the group velocity vector associated with a given slowness vector being given by 
Then, using the vanishing of a proof that at the horizontal axis as well, the slopes of the squared slowness and squared group velocity curves are reciprocal, as are the curvatures of the slowness and group velocity curves.
